The dynamics of spinning bodies in General Relativity is studied in the test-mass limit. Equations of motion are obtained both by a hamiltonian construction and by energy-momentum conservation using generalized one-particle energy-momentum tensors. The latter approach also allows the computation of gravitational perturbations created by rotating compact objects.
In General Relativity, as space-time itself is dynamical, extended rigid bodies cannot exist.
Static or stationary vacuum solutions of the Einstein equations for extended objects are known in the form of black-hole geometries. For ordinary material objects like stars and planets these are useful as approximations of the external geometry, the internal structure being described by the energy-momentum tensor of the matter from which the object is composed. However, in practice a detailed microscopic description of a material body is often too complicated to be of use in determining the overall motion of the body. Therefore already in his first papers on General Relativity Einstein introduced the simplifying notion of a test mass moving on a world line [1] ; for simple point-like bodies this world line was proposed to be a geodesic of the background space-time. The test-mass approximation serves well to describe the orbits of planets in the solar system, including the precession of the perihelion, but also the highly relativistic dynamics of close binary neutron star systems like the one studied by Hulse and Taylor [2, 3] .
Most gravitating bodies donot only exhibit orbital motion but also quasi-rigid body rotation, complicating the test-mass approximation. In consequence the construction of an adequate mathematical model for the motion of spinning bodies and particles has been the subject of a long list of papers since the early days of General Relativity including [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] .
In a recent paper [20] a new approach to this problem was proposed starting from a hamiltonian formulation. The starting point of this approach is the introduction of the oneparticle phase space parametrized by the position co-ordinate X µ , the kinetic momentum π µ and the anti-symmetic spin tensor Σ µν . The latter can be decomposed into a space-like spin pseudo-vector S µ and a space-like dipole vector Z µ such that
where u µ is the proper velocity, a time-like unit vector: u µ u µ = −1. However in the hamiltonian formulation the use of the spin tensor is generally more convenient. The phase space is endowed with a set of non-canonical Dirac-Poisson brackets
Here the inverse metric g µν , the connection Γ λ µν and the Riemann tensor R µνκλ appear as structure functions in the bracket algebra. It is straightforward to establish that these brackets satisfy the Jacobi identities and define a consistent frame work for constructing a spinning-particle dynamics.
Equations of motion are obtained by specifying a hamiltonian; the minimal choice is the kinetic hamiltonian
By computing the brackets with this hamiltonian one gets the following proper equations of motion:
and
Observe that equations (4) and (5) imply that in non-flat space-times one cannot generically impose the Pirani condition for the dipole vector: Z µ = Σ µν u ν = 0. In fact the present hamiltonian system describes a world line along which the spin tensor is covariantly constant rather than a world line followed by some prefered center of mass, however chosen. In particular the proper velocity u µ =Ẋ µ is the tangent vector of this world line, which may differ from the proper velocity of any center of mass. This difference is quantified by the dipole vector Z µ .
The minimal hamiltonian (3) is not the unique relevant choice; other hamiltonians will take into account interactions other than the spin-orbit coupling implied by (4). For example, spin-dependent gravitational Stern-Gerlach forces can be included by extending the hamiltonian with a quadratic spin term [20, 21] 
extension the equations of motion become
The hamiltonian system summarized above describes the motion of a spinning test body in an external gravitational field represented by the metric g µν . However, such bodies also act as a source for dynamical gravitational fields, e.g. gravitational waves. Compact binary star systems like PSR B1913+16 and others provide relevant examples. To obtain the source terms of the Einstein equations
it is necessary to construct an effective energy-momentum tensor satsfying the consistency condition
For the case of non-spinning test masses moving on geodesics the energy momentum tensor is given by the world-line integral
Note that in our conventions the δ-function is a scalar density with weight 1/2; therefore the inclusion of the square root of the metric determinant implies that the expression on the right-hand side defines a proper tensor field. Taking the divergence, using
and performing a partial integration w.r.t. proper time indeed results in
upon using the equation of motion for a simple test mass.
The modification of the expression (10) for spinning particles depends on the dynamics, i.e. the choice of the hamiltonian. For the minimal case the following expression provides the correct results
which vanishes by eqs. (4) and (5). This result confirms the consistency of the hamiltonian system constructed from the brackets (2) by providing an independent derivation of the same equations of motion.
The energy-momentum tensor (13) can also be extended with extra terms to reproduce the equations obtained using the non-minimal hamiltonian (6) . The corresponding expression is
where
Again performing standard operations from tensor calculus including Ricci-and Bianchiidentities leads to the result
Combining this with the expression (14) for ∇ µ T µν 0 it follows that the divergence of the full energy-momentum tensor vanishes
provided the equations of motion (7) hold. Eqs. (13) and (16) thus define the starting point for calculating the perturbations in the space-time geometry created by spinning bodies in the test-particle limit. They also create a framework for computing radiation-reaction effects for spinning bodies [22] [23] [24] .
